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ABSTRACT

Some integrals are presented that can be expressed in terms
of the Q-function, which is defined as

lý2 +a2\
Q(a, b) f dx x exp 2 1.(ax)

'b/

and where 10 is the modified Bessel function of order zero. Also,
integrals of the Q-function are evaluated. Some of the integrals
are generalizations of earlier results, but others are new; all de-
rivations are included. Extensions to related integrals are als
presented.
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SOME INTEGRALS INVOLVING THE Q-FUNCTION

INTRODUCTION

The performance analysis of phase-incoherent receivers in fading or
nonfading media requires evaluating the Q--function. It is defined as [Ref. 1,
Eq. (16)]

"W 2L2 2a2)\

Q(a,b) = 5ixx exp x 2 1 '0 (ax) (1)

b

where I0 is the modified Bessel function of order zero. Physically, the Q-
function gives the cumulative distribution function of the envelope of the sum of
a sine wave and a narrowband Gaussian process [Ref. 21.

Much past work on performance analysis of receivers in fading media ha5
required evaluating the Q-function or its integrals [Ref. 3-101. It is the pu7.-
pose of this report to compile past results and generalize and augment them,
where possible. (The method for deriving every relation is included (as an
appendix) so that the reader can formulate his own generalizations, where
appropriate.) The availability of closed-form expressions for these integrals
(in terms of the Q-function) greatly facilitates numerical evaluation, since
programs for the Q-f-:,ction are available [Ref. 11].

Some generalizations and extensions of the Q-function are also included.

GENERAL RELATIONS FOR THE Q-FUNCTION

Q(a,0)= 1, Q(a,,#) = 0 (a <w),*

Q(0, b) = exp( 2/2), Q(a),b) = 1 (b <,w). (2)

*Derivations of these and succeeding relations are presented in the ap-

pundix.

• • mI
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a2__b2 a N -N+1 x

Q(a,b) =exp 2 1n(ab) + a dx x exp -IN.(ax)

n=0 b(22 0
a2  E (a)I n(ab), b t 0 (3)

n=O

a2+ bn(ab) -a dx x epN(ax)

Q(a,b) = 1 - exp 2  I x exp 2

n~l 0

=I -exp a In(ab), a 0. (4)

n=1

Q(a,b) + Q(b,a)= 1 + exp 1 ao(ab) (5)

I 1 2 Ia2]

Q(a, a) = -L R + exp(-a ) .0(a 2 (6)
20

aQ(a,b) _b exp a I(ab) (7)ab 2 0

a b exp I (ab) (8)oa 2 I~a)

Note that Q(a,b) is an even functLi of both a and b (a and b re'al);
this is obvious from (1), (3), or (4). Also, from (1), Q(a,b) is an analytic
function of both a and b for all finite complex a and b.

i m m •• m • m N2
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IN9TEGRALS

In the hAegrals listed below, the parameters are presumed to be real and
positive. However, the results may be generalized to negative or complex
parameter values in many cases by symmetry or analytic continuation. For ex-
ample, (9) holds for all complex a and b and complex p, provided Re(p 2 )> 0.
This follows because the integrand of (9) is analytic, axjd the integral is ani-
formly convergent for Re(p 2 )> 0; see Ref. 12, pp. 99-iGO. The rig&-hanc
side of (9) is also analytic for all a and b and for p * 0. As an exawple ,f
the use of symmetry, consider (77), which is derived for b > 0. Since J1 is
an odd function, we can express Jt(bx) = sgn(b) Jji(bgx) for all real b, and
utilize the given result by substituting Ibi for b and multiplying by sgn(b).
The integrals have been checked numerically.

BESSEL FUNCTIONS, EXPONENTIALS, AND POWERS

dx x exp(-p2 x 2/2) 1(ax) =-- exp Q(a/p, bp) (9)
1 p

b

dx x exp(-p 2 x2/2) 1(ax) 2ex [1 - Q(a/pbp) (10)

0

dx x exp(p x /2) 10 (ax) .p 2 ex(2p 2) [Q(ia/p,ibp) - 11 (11)

0 2 0 2p
0
b ' 22 1 (2 2\ / 2
0(x x exp(p x /2) Io(bp x) = --2p Lx 10oO 2 ex) b o p (12)

dx Ixp(_p x2/2) 1 (ax) expa I[ -Q(bp,a/p)] (13)
1 a e-o2p2[

bp

dx exp( ax) xal) (14)

0 Li J
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b 2 2 /a 2 \
dx exp(p x2/2) 11(ax) = exp p 2)Q(ibp, ia/p) - (15)

0 a ( \2p/

b
b cx exp(p 2x2/21(px=IR x(-2p2/)

o bp
1 22 2

+ Iexp co p /2) 1(b p2) - 1] (16);~ 0 v
dx x2 exp(-p 2 x2i/2) Ii(ax) = Px Q(a/p, bp)

b

+ bp 2 exp(-.b2p2 /2) Ii(ab)] (17)

J dx x2 exp(-p 2 x2 /2) 1, ax) [a ex ) II - Q(a/p,bp)1

- bp2 exp(-b 2p2 /2) Ii(ab)] (18)

(JO x 3 2 " 21 22 25dxx exp(-p x2 /2) 1o(ax) - (a2 + 2p 2 ) ex Q(a/p, bp7

b P

+ b4Lexp(-b2p2/2) [a I1 (ab) + bp 2 I (ab)j (19)

p4

dx x3 exp(-p 2 x2/2) 1i(ax) =-W(a + 2p ) expll- [1 Q (a/p,bp)]

0 P \2p )

b-exp(-b 2p /) [a I (ab) + bp2 1o(ab) (20)

p40
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Jdx exp(-p 2x 2/2) J0(ax) J pbx) = 1 - Q (a/p, b/p)I (21)

0

dx exp(-p 2x 2/2) 1 (ay) I (bx) = t Q(ia/p, ib/p) - 1](2

0

d, ex 22 x/2) 1a)I 1(ax) =- [e (213)

0

In (L4) - (34), s =qp -b), u =.,ja-F-s), and v =I[a5F~sT.

dx exp (-px) I (bx) = 2Q(u,v)- exp(-pa) 1I0(ah)] , p > b (24)
a

a

a

dx\ exp (-px) I k(bx) = [2 +Q ex(uv)- p) (s) -x 2(-pv) I p* > (25)
f 5
a

a

)d:,ý exp(-px) I (bx) = 1) - s + (p-Fs) exp(-pa) I (ab) 2pQl(u,v)j , p tb (28)

a5 dx CXP)(-p)XI I0,\) [exI)(-Ia) It iltpa) 1 0 (pa) + pa 1 0),01 - 11 (29)
f p

13
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dx x exp (-px) I (bx) = 2pQ (u, v)

a ~+ exp(-pa) labsI 1(ab)+p(as-l)l (ab)'i, p >b (30)

dx x exp (-px) I (bx) -[p - 2pQ (u, v)

0 S

-exp(-pa) l abs I I(ab)+p(as-1)l 0 (ab4]j, p *b (31)

adx x exp(-px) I (px) = -1- exp(-pa) [pa I (pa) + (pa+1) I (pa)J (32)S p
0

5dx x exp(-px) I (bx) = [2Quv
a

+ exp(-pa) Ifaps 1 1(ab) +b(as-1) 10(ab)I], p> b (33)

adx x exp (-px) I (bx) =.[b - 2bQ (u, v)5 1

0S

- exp(-pa) laps I I(ab)4-b(as-I)I 0 (ab)ý 1, p *b (34)

aa

adx x exp(-px) I (px) = -exp(-pa)[a1p)+ a- I()]35
0S 3pp 0 p)+(a-)1(a](5

Q-FUNCTIOY, EXPONENTIALS, AND x

5dx x exp(-p 2x 2 /2) Q (ax, b) = I~ [xp(_p2C2 /2)Q(ab

+ exp( p(:b:2) _Q~c$Z / 2P2 a J,-I (36)

6
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dx x exp(-p2x2/2) Q(ax,b) - ( 2 (ap

2 2pac

exp pc Ql(ac, b (37)

5 dx x exp(p2x 2/2) Q(ax,b) -• exp p(2. 2Q(ac,b)
0P

{. (2p22) 2'T~] p •a (38)
c 2 2 \

dx x ex~~22 ~xb -•ep [ ~~c(39)
20 P

dx x expl-p 2 x2 /2) Q(b,ax) = 2.[xp(L.) Q(b,ac)

2 ( bi2 p 2 Vt ab (40

- 2 exp a 2 "P 22 2'4 (38)

p~a 2(1)7a ) \ p +a

5 dx x exp;p 2 xi2/2) Q(bpax) )- exp(-[) Q(b,ac)

0

2 2 22

a b p QbPep- c p+a (41)
2 2 exp p /~-22bp+a 2(p +aT/( p) +a
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2 2-lr a 2 b 2 p2-bp f a2'-2)

dx x exp(p2 x2 /2) Q(b,ax) 22 F- 2 e (2_p 22)Q (! p 2~' p

C

- ex p -c Q(b, ac ] p< a (42)

dx x exp(p 2x 2/2) Q(b,ax) = -2a2 e c4- --
0 p 2 a _p •(a 2- p )!) \a -p

+ ex p - c Q(b, ac) -1 p * a (43)
2

3 dxxexp(p2x2/2) Q(bpx) =-12[pc exp(-b/2) 1I(bpc) + b exp(p 2c2/2) Q(b,pc)-bI
0bp (44)

Q-FUNCTION, BESSEL FUNCTIONS, EXPONENTIALS, AND POWERS

•i2 2 C2\ ac bp+a)

dx x exp(-p 2 x2/2) 10 (cx) Q(ax,b) -- exp=/ ) (45)
0 p ;\2p 7p - +a

dx x exp(-p x2/2) 10 (cx) Q(b,ax) = xpc 2
2)-.-2Q

0 P (

2ýc 2 2 p 2 211 (46)
p +a (p +a") \+a

dx x 10 (cx) Q(b,ax) a-.- ex a2) [c I + 0 l(-) + (47)
0 a ca

8 p a p

8
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dx exp(-p x 2) 11(bx) c) [exp Q(

(ax 1bcx 2)b Qx f -2-7 Y=p7]0

0

-exp b 2 (49)

1 x2x2 1 2c2Q ac bP3 dx exp(-p x /2) 11(acx) Q(axc) = - exp 2
0 ac p p +aLkp+

0 xyc)Q.,ax [x (4) 1oo. , Oea(_)+Q(,<o_ .,, ( 51)]

0
2 k2 22 C 2.)

+ b c-b p ex T~( (52)
2 exp 1  22 a12) 21

(dx x2 c)Q (bax)p(2ex-p 2a

1a C (22 a

0

2 2 2 ab2 b

aex xcb)~~ +2p )Q121+b I '~(3

dxx 2
1 (c)Q~~ax)-T-(c( 2 -b 2 )2 /b(2 cWJ(4

M 2 ac

9

dx x 2 ex(- 2x 2 wx Q(~x x
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Q-FUNCTION OF TWO LINEAR~ ARGUMENTS, EXPONENTIALS, AND x
In (55)and (56), s=p2 +a2 +b2 t=p +a2 -b and r=Jr-a

dxx 2 ep-' 2/2) Q (ax,bx) PC

dx x exp(-p x2 ) Qpx~x C"' (Q ÷L)[1 e +ep~~hac

/ 22

+ ex -ex

P~~~ ~ )!a2-c 01~c¶~ ca)j (56

1dx x ep- /)Q(ax,bx)~...Qab) bcab2s

J 2 '' 7 cx~ ')Q (ac be) (ab rs ~ + (ac)j

ai 2x( +b 2 2 c) 2 )

Ia2 ~2I 2b2 L\2 c2 10 (abc

2Q( in(,b) ax(,b)]I a *b (57)

dx x Q(ax, ax) c~~ [I + exp(-a 2c02 {1{2c2 2 I( 2c4

40 ac) 11( (58)

10
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PRODUCT OF TWO Q-FUNCTIONS

2 2 \
22 1 p +c

( acd b p+

OQr-T 7 7 2+c24++expQ.2 2 )

*{ ,,Q +2' +abp22 1  (59)

Q-FUNCTION AND EXPONENTIALS

JUA QQb,',L) = aep-2/ [( 10I(b 2/4) + b 1,(b2/4)] (60)

0

dx (1 - Q(,Lx,b)I =-4,b exp( b /-I) 10 (b2 ) + 1 b2.) (61)
01

In (62)-(70), s = Ja+p".

Jdx exp(-p 2 x2/2) Q (b.,LL) =JFl:! [2 4 Q(1 i~.(+~

0

+ 1+ý) cxP ~ - b'~i (62)

dx xp(-p' x2/2) Q(LLx,b) (7 g2 IJ~-)
1)2)

L2 ) 1/ 2 /2
-i's 2
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ERROR FUNCTION, BESSEL FUNCTIONS, EXPONENTIALS, AND x

In this report, the error function is defined as

x

(x) =f• dy(27r)-1/2 exp(-y 2/2). (64)

0x x exp(-p x /2) 1o(bx) 4(ax) = P•"exp2---[1 - _ +

fdxx ep-2x2 2i11)(=-epb 2 \ _r2 a\,•~l

0 p

S + ) exp /bo /0b2 (65)
P 4s) 4s

0 2p F40F

lb2' [1/b2 / 2\ /b2 \1
dxx I (bx) 4(-ax) -• expl-I I0 +1- (66)

2 2dx x exp(-p x2/2) 10(bx) 4b(ax) =-i.exp() L'-2((i ),-(+
2 P2) PI-2 b s2

p

4- 1 + a; exp1 - 1(68)

dx pbx v-x) ~f ~( ) 2(l- -) 2) (29

12
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J~~_ dex(px/2) 11(bX) c1(aX) 2(2(1-),-(+

1 b2 \( 2 \

b ~expy.0. s2) (70)

BESSEL FUNCTION.", OF MORE COMPLICATED ARGUMENTS,
EXPONENTIALS, AND x

In (7l)-(80), s t and u = r,5~

22p q2 2 2Jdx x exp(-qx )J(bx) I(cx ex .~~ (q2 2)
St\ W q>c (71)0 4(q -)/J\(qý*~~

/ qq 2 b2dx x exp (-qx) Jo(bx) 1I(cx 2 = (I ) t b\

q >c (72)

'IIt
11xx 1. os 2Q(-)

cx lb ')u2), b< 1 (74)

I0

T1
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5dx exp(-qx 2 Jl(bx) Io(cx 2  qbc
1 0 4(q 2 ci)) ý4(q-c

2%q-tvrq-s, -!-j-qst],q >c (76)5 dx exp(.cx ) J1 bx) 10(c 2) ~ [ s{~~ ) -(77

00

5dx csexp(-jx ilbx i([2Qi4) 17i (77)iy
0

5dx ~cos x exp(-1 a [2u a~~ ý- ,2r)'b p~ c14 xx(a/) 
(79)0

J xexp(-x 2 J (bx 11(c2)1 =-2)+ Ib

2 /(xcs x =b 2a (2st

dx ~~o ox ( c 2  
1 b ) 1 ( x) ex (x ~ -/ b c - a/2) (81)

0

14
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Q-FUNCTION AND x

2 +2b 22 c a2 c +b2b

dxx Q(b, =2b2 a)Q(b-ac) +a-exp [ac I0(abc)
2a

+ b I (abc)J (82)

2 2 _2 2
dxxQb ,)-2 +b 2+ -a c , c)- x

o 22 2a2

9 [ac 10 (abc) + b 11 (abc)] (83)

a2c2 -b2 a2 c2 b2'
dx x Q(ax,b) a [1 - Q(b,ac.)] +2 exp 2" [ac I 0 (abc)2a 2 20

+ b 11 (abc)] (84)

dx x 1 - Q(ax,b)J = b2 -a 2 c2 Q(b,ac) +2- exp a2 c2+b 2  ac I (abc)2a 2 2

+ b 11 (abc)] (85)

EXTENSIONS

We define a generalization of the Q-function as

N) x2  a2 \
Qmn(ab) = S dx xm exp- x In(ax). (86)

b

Then Q10 is the standard Q-function. Integration by parts of (86) two different
ways yields the relations (see (A-49) and (A-50))

15
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Qnn(a,b) =-m+l,n-1(a,b) - (m+n-1) Qm-l,n-i(a,b)

/ 22abm ex a- a+b2

- b mexp a 2 +b 2j 1 (ab)J (87)
-n

and

Q n(a, b) = aQm-1, n-1(a, b) + (m-n-1)Q m2, n(a, b)

rn-i a2+b}2
+ b exp -a2b) In(ab). (88)

Equation (87) enables us to relate any three Qmn functions arranged -as in
pattern A in Fig. 1; (88) accomplishes the relationship depicted by pattern B.
That is, knowledge of any two Qmn functions in a pattern enables us to deter-
mine the third function.

m

Fig. 1. Interrelated Functions

Substitution of m = O, n = 1 in (87) yields

Q01ab Q (a, b) - ex\ a +b10(ab . •8)

(This is equivalent to (13).) Thereby for m + n odd, (87)-(89) n,, evalu-
ating aL Qmn functions in terms of a Q-function and Bessel functions.

For rn + n even, it appears to be necessary to have two fundamental
lunctions rat'icr than one; these functions could be either Q00 and Q2 0, or

16
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Q00 and Q11. Then (87) and (88) enable evaluating all Qmn functions in
terms of the two fundamental functions for m + n even. Although it is obvious
from (86) that

2 0 2
Q1 1(a,b) exp(-a2/2) [exp(a /2) Q0 0 (a,b)] , (90)

we have not been able to reduce the number of fundamental functions below two.

Some examples of integrals that reduce to the fundamental functions are
listed below:

dx Q(b, ax) =Q 2 0 (b, ac) - c Q(b, ac) (91)

C

dx [1 - Q(ax, b)] b Q1(b, ac) - c [ - Q(ac,b)] (92)
fa1C

dx I (x) -(-ax) (g2,r)-/ e 2a 2 00•/a, ac) - I0(be ÷b(-ac) .(93)

Integrals such as

Jdx x exp(-px) Io 1(bx) (94)

can be evaluated by taking derivatives with respect to p of (30)-(34). Also,
integrals such as

"" dx x2n+l exp(-px2 ) Io 1l(bx 2) (95)

are immediately reduced to the form of (94) by the substitution x = .t.

17
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APPLICATION

The error probability fo - transmission of M-ary equicorrelated signals
over a phase-incoherent Rayleigh fading channel has been considered by Shein
[Ref. 9]. If we generalize to the case where, in addition, a threshold must be
exceeded [Re.. 5, sect. 6], the probability of correct detection is given by

1-A X' 2' _v2
P = 3 f du u exp j- f dv v exp(-v /2)

0 10(-x uv) I[I - Ql/Xv, U)IM-1. (96)

(This specializes to Shein's result for the threshold equal to zero.': = 0.) For
M = 2, we use (45) to evaluate the inner integral in (96) and obtain

du u +' duu x + (9-7),
2 +P f +f3 2,/\X ] X}J(7

This integral can be evaluated by utilizing (55) to yield the closed-form solu-
tion

P = exp(-a 2) [1- Q(bA,b)l + Q(ajc'r, a }/7)
2 r

+.I(1- -)exp(-a 2C) Io(b 2 X), (98)

where

a 2 +• #(r+ X2)I, F__ _ _

2 1/2 2 1/2
r + + (99)

18
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For r = 0, (99) reduces to (111/r)/2, %ich checks the last equation in
Ref. 9. For M > 2, integrals of powers o, ' al" -equired; in this case.
generalizations of (59) are necessary.

19/20
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Appendix

DERIVATIONS

(2)*, The first three relations in (2) follow immediately from definition
(1) and Ref. 13, 6.631 4. The fourth relation results if we express

Q(a,b) = 1 - j dxx exp x + I0-) 10 (ax) (A-i)

0

and use the asymptotic behavior (Ref. 14, 9.7.1]

-1/2
10 (z) - (2rz) exp(z) as z----+01. (A-2)

(3): Integrate by parts repeatedly on (1), with

- dn =d (xep(-2+a2\ A3
u-I(ax) x , dvdxxexp X +a (A-3)

n 2

and employ [Ref. 14, 9.6.28]

d [-z )1 z-n n ( (A-4)7 z n( = n~l (Z).

As N-- in (3), the integral tends to zero: from Ref. 14, 9.6. 18,

-N a N T2 N
x I N(ax)= N fdO exp(ax voso) (sin20)

N IN Na exp(Lx) dl 2sin21N) (a/2) exp(ax) (A-5)

,'2-2N [(N + 1N 'N1

20

*In this appendix, the number at the beginning of each paragraph refers

to the equation of' that same number in the main text.

Preceding page blank
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using Ref. 13, 3. 621 3. Then the integral in (3) is upper-bounded by

(a2 N "
N! fx x exp , (A-6)

b

which tends to zero as N --- w. The infinite series in (3) converges for any
b t 0, as can be seen by the ratio test,

In+1(ab)
I(ab) b -, 0 as n-w, (A-7)
n

since the ratio of Bessel functions tends to zero as n ---. (Use Ref. .4,
9.6.26, divide by I,(z), and let v-.--.)

(4): Integrate by parts repeatedly on (A-i), with

u = exp dv= dx xn+1 I (ax), (A-8)

and utilize [Ref. 14, 9.6.281

d [zn+l n+1
-z In(Z =z n(z). (A-9)

As N -, w in (4), the integral tends to zero: when (A-5) is used, the inte-
gral in (4) is upper-bounded by

2 b
(b2/2)N (ix x ex- (A-a-10)

N! j xexp /, (A-I)
0

which tends to zero as N -- - . The infinite series in (4) converges for any
a *: 0 by the ratio test (see (A -7) and the text following it).

(5): Interchange a and b in (4), and add to (3).

(6): Let b=a in (5).

(7): Differentiate (1) with respect to b.
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(8): Differentiate (5) with respect to a, and use (7) and (A-4).

(9): Substitute x = pt in (1) and reidentify a as a/p, and b as bp.

(10): Use the relation

b 00 oo

f dx f(x) + fJdxf(x)=fd x (A-1i)

0 b 0

and employ (9) and (2).

(11): Notice first from (1) that Q(a,b) is an analytic function of a and
b for all finite a,b. Then replace p by ip in (10), and utilize

Q(±+ia,_+ib) Q(ia, ib), a, b real, (A-12)

which follows directly from (1) or (3). Also (A-12) is real, as may be seen
from (3).

(12): Substitute a = bp 2 in (11) and use (6).

(13): Integrate (9) by parts, with

U = I0(ax), dv = dx x exp(-p2 x 2/2), (A-13)

and then employ (5).

(14): Use (A-11), (13), and (2).

(15): Replace p by ip in (14) and utilize (A-12).

(16): Put a = bp 2 in (15) and use (6).

(17): Take the derivative of (9) with respect to a, and employ (8).

(18): Use (A-11), (17), and (2). An extension of (18) is also supplied by
replacing p by ip (i.e., p2 by -p 2 ); the special case of a = bp 2 is very
simple, upon use of (6).
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(19): Take the derivative of (9) with respect to p2 , and employ (7) and

(20): Use (A-1i), (19), and (2).

(21): From Ref. 13, 6.633 2, we have

bexp(+b 2) (ab) b dt t exp(-t2/2) J (at) J0 (b)

0

dt expd(t2/2) J 0 (at) b Jl(bt), (A-14)0

the last step by Ref. 14, 9. 1.30. Integrating (A-14) with respect to b, andusing (10), yields

b dt exp(-t 2/2) Jd(at) J (bt) = dx x exp 2 10 (ax)
0 

0

1 -Q(a, b). (A-15)
Let t px in (A-15) and reidentify a as a/p, and b as b/p.

(22): Replace a by ia, and b by ib in (21), and use [Ref. 14, 9.6.31

J 0 (ix) = 10 (x), JI(ix) = i II(X) . (A-16)

(23): Put b = a in (22) and employ (6).

(24): Using Ref. 14, 9.6.19;R Ref. 15, p. 44, 10.203; and defining
q= vi•"2, b<1, we have

(it exp(-t) I0(bt) = dt exp(-t) f- do exp(bt cos o))

a a
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exp(-a dO exp(ab cos o)
fJ 1 - b cos.
0

- exp(-a) 
/1 q0

dO exp(ab cosO) [1 + 2 ( cos(nj

0 n= 1

exp(-a) [ (ab) + 2 no 1-q nI (ab

n=1

- [2Q(iv/ iq, V'ai~Y) - exp(-a) 10 (ab)] , (A-17)q

where (4) has been utilized to sum the series. When we let t = px in (A-17)

and reidentify a as ap, and b as b/p, (24) follows.

(25): Use (A-1l), (24), and (2).

(26): This is a limiting case of (25) as b -- p-. However (25) ap-
proaches 0/0 as b p- (see (6)). Therefore, let b = /ps in (25) and
apply L'Hospital's rule at s = 0. Upon use of (7) and (8), (26) follows.

(27): Integrate by parts, with

u = exp(-px), dv = dx 11(bx), (A-18)

and then employ (24).

(28): Use(A-11), (27), and (2).

(29): This is a limiting case of (28) as b--p-. Apply L'Hospital's
rule, as in the derivation for (26), above, and use (7) and (8).

(30): Take the derivative of (24) with respect to p, and utilize (7) and
(8).

(31): Use(A-11), (30), and (2).
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(32): Define
a

A- fdx x exp(-px) I(px), n= 0, (A-19)
0

In (A-19), for n = 0, integrate by parts, with

u = exp(-px), dv = dx x I 0 (PX). (A-20)

Then, using (A-9),

A0 = a exp(-pa) %(pa) + A1 . (A-21)

Additionally, in (A-19), for n = 0, let instead

11 = x, dv =dx exp(-px) I (PX). (A-22)

Then, using (26),
A0 = a exp(-pa) [10 (Pa) + II(pa)] - (A 0+A I (A-23)

Equations (A-21) and (A-23) can now be solved for both A0 and Al.
(33): Take the derivative of (27) with respect to p, and utilize (7) and

(34). Use (A-11), (33), and (2).

(35): See the derivation, above, for (32).

(36): Integrate by parts, with

u = Q(ax,b), dv = dx x exp(-p x /2), (A-24)

and then employ (8) and (13).

(37): Use (A-11), (36), and (2).
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(38): Replace p2 by _p2 in (37).

(39): Integrate by parts, with

u = Q(px,b), dv- =dx x exp(p2 x 2/2), (A-25)

and then employ (8), (2), (A-4), and (5).

(40):, Integrate by parts, with

2 2= Q(b, ax), dv = dx x exp(-p x2/.), (A-26)

and then employ (7) and (9).

(41): Use (A-11), (40), and (2).

(42): Replace p2 by _p 2 in (40). Integral (42). converges for p < a be-
cause as b -- aj, from (1),

Q(ab)- Mdx xexp L x 2 + a exp(ax) dJ(2r)-/2 ex -)2

b b

f. -1/ 1(ba)2- 4- (a-b) -(2,rab)12 exp ~-as b ", (A-2'7)

where

t
4)(t) f dx(2r)-1/2 exp(-x2 /2). (A-28)

(43): Replace p2 by _p2 in (41).

(44):. Integrate by parts, with

u=Q(b,px), dv=dxxexp(p2 x 2/2), (A-29)

and then employ (7), (2), and (A-9).
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(45): Let f denote the left side of (45). Then, using (7) and Ref. 13,
6.633 2, there follows

af __ b j-p2b 2+cl 2 1 /ab(-0
-b 2 .... a (A-30)

p +a 2(p+a 2 2

Since f =0 at b =u, from (45) and (2), we have

f= dx -2 exp p•-X+C 1 , (A-31)
f p +a a
b

and (45) follows upon use of (9).

(46): Employ (5) and then (9); (2); Ref. 13, 6.633 2; and (45) to evaluate
the resultant integrals. Next, use (5) again.

(47): Express Q in integral form via (1), interchange integrals, and
utilize (A-9) to obtain

1 Jdt t exp(- t +b) 1(bt) Aa

C

1 t2b+b2 2

c 2 /I(t) ax (

0

C dc "" Iý2 (A -32)
CaC -•2a2

where we have employed Ref. 15, 6.633 2. Equation (47) follows directly from

(A-32).

(48): Integrate by parts, with

2 2 1 b 2l~.I~p~/
u= Q(c,ax), dv = dxexp(-p x /2)1i(bx), v = Q(px b/p)

1 b K~p2/(A-33)

and employ (7), (8), (2), and (45).
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(49): Use (5) and then (13), (2), (22), and (48) to evaluate the resultant

integrals. Then utilize (5) again.

(50): Let b = ac in (49) and use (6).

(51): Express Q in integral form via (1), interchange integrals, and
utilize (A-4) and Ref. 13, 6.633 2.

(52): Take the derivative of (45) with respect to c, and use (A-4) and
(8).

(53): Take the derivative of (46) with respect to c, and employ (7) and
(A-4).

(54): Take the derivative of (47) with respect to c, and vse (A-4) and
(A-9).

(55): Integrate by parts, with

u = Q(ax,bx), dv = dx x exp(-p2 x 2/2), (A-34)

and employ (2), (7), (8), (24), and (27).

(56): Use (A-11), (55), and (2).

(57)." Integrate by parts, with

u = Q(-x,bx), dv = dx x, (A-35)

and employ (7), (8), and (2). The integral fv du can be reduced to the
forms of (31) and (34) by the substitution y = x2/2.

(58): Use (6), let y3-- x2 , and utilize (26).

(59): Express one of the Q-functions in integral form via (1), interchange
integrals, and use (45) to evaluate the inner integral. Next, use (36) to evalu-
ate the remaining integral.

(60): Express Q in integral form via (1), and interchange integrals.
After taking a derivative wvith respect to a , utilize Ref. 13, 6.618 4.
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(61): Express 1 - Q via (A-1), interchange integrals, use Ref. 13,6.618 4, and (26).

(62): Employ (13) with p = 1, to express Q in integral form; inter-change integrals; use Ref. 13, 6.631 7; and then (24) and (27).

(63): Use (5); Ref. 13, 6.618 4; and (62).

(64): This is a definition of 4l.

(65): Integrate by parts, with

u = 4(ax), dv = dx x exp(-p2 x 2/2) 10 (bx), (A-36)

and employ (64), (9), (2), and (62).

(66): Integrate by parts, with

u = 4b(-ax), dv = dx x 10(bx), (A-37)
and employ (A-9) and Ref. 13, 6.618 4, after taking a derivative with respect
to P.

(67): Split the integral into a sum of integrals over (-in, 0) and (0, ,,).Let y = -x in the integral over (-Y,,,0) and use

cF(-ax) = I - 4(ax), (A-38)
which is deducible from (64). Next, employ (9), (2), and (65).

(68): Integrate by parts, with

u = t(ax), dv = dx exp(-p2 x 2/2) i1 (bx), (A-39)

and employ (64), (13), (2), and (63).

(69), Integrate by parts, with

u = 4,(-ax), dv = dx Ii(bx), (A-40)

and employ (A-4) and Ref. 13, 6.618 4.
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(70): Use a procedure similar to that above for (66), and then employ
(13), (2), and (69).

(71): Let x = ,,,y and employ Ref. 13, 6.644.

(72): Use Ref. 13, 6.6317, with v=1, to eliminate Ii(cx2 ). The re-
sultant integral involving 10 (cx2 ) follows from (71). Interchange integrals in
the remaining double integral, and use (21) and then (62).

(73). This integral is a limit of (72) as q -- c+. As q -.-- c+, the right
side of (72) approaches I

I b e /b I-'Q 1- -+ 2(A-41)

where t =.q-''. However, by an approach similar to that given in (A-27), we
find that

Q(a, b)~ - (a-b) as a,b--o, (A-42)

but b - a>> 1 is not required. Equation (73) follows upon use of Ref. 14,
9.7.1.

(74): Define

S(_ a )(A-43)
g= - dx cos(nx) exp 1 - b cos x)

0

Then

)90 1 -ba)I ,ab\ (A-44)

Ta= -T exp 0(272)'

using Ref. 16, vol. 2, p. 81, Eq. 10. From (A-43), it is seen that go = 1 at
a = 0. When this fact and (25) are utilized, (74) follows.

(75):, Take the limit of (74) as b--1-i- and use (A-42).
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(76): Define

f n fdxexp(qx2)J 1 (bx) I(cx2). (A-45)

0

Express In in integral form by use of Ref. 14, 9.6.19; interchange integrals;
and use Ref. 15, 1.701i to obtain

n JbdO cos(no) [i1 -exp q - c Cos ,J*(A -46)
0

Next, utilize (74).

(77): Take the limit of (76) as q-- c+ and use (A-42) and (A-38).

(78): From (A-43) and Ref. 16, vol. 2, p. 81, Eq. 10,

og 1  1 1 - b cos x-1 a
- = edx \xp

a 7r 1- b cos x b cos x
'0

e 1(A-47)b -7 0 J• b) 1° r-b2)J

From (A-43), g, =a0 at a= 0. Then, to find g, from (A-47), we must be
able to evaluate fdx go, which, from (A-43) and (74), becomes

0
a aJ cx 9 Jcx [,2Q (av%/x- 9-%/) - exp( x I2 l(2)] (A48

0 0

where a = '-u /u, %fI = ui+/u, and u = % . Wien we let ,I= t in
the first integral of (A-48) and employ (57) and (25), (78) follows.

(79): Take the limit of (78) as b-- 1-, and use (A-42) and Ref. 14.
9.7.1.

/40",: Seethe derivation above for (76), set n 1, and employ (78).
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(81): Take the limit of (80) as q--- c+, and use (A-42) and Ref. 14,
9.7.1.

(82):, Express Q in integral form via (1), interchange integrals, and
use (19) and (1).

(83): Use (A-11), (82), and (2).

(84), Use (5), (83), and (1).

(85): Use (5), (82), and (1).

(87): Litegrate by parts on (86), with

epm+n (. x2 +a2) dv -x n+1 I(ax), (A-49)u~x exp 2.1 •,d~x n

and employ (A-4) and (86).

(88): Integrate by parts on (86), with

-I(ax), dv = dx x exp (-2 + a 2 (A-b0)
n 2

and employ (A-9) and (86).

(91):, Express Q in integral form via (1), interchange integrals, and
use (86) and (9).

(92): Express Q in inLegral form via (13), with p = 1, intexchange
integrals, and use (86) and (13).

(93): Integrate by parts, with

u = 4)(-ax), dv = dx Ii(bx;, (A-51)

and employ (A-4) and (86).
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